In this study the limits of shock-free transonic airfoil design are explored via computational fluid dynamics and shape optimization. Using an inviscid flow solver coupled with the adjoint method for shape optimization, the best possible Mach number and lift coefficient combinations are determined for various airfoil sections. In addition, the effects of airfoil thickness and a trailing edge wedge are examined. Although shock-free solutions only occur for a singular Mach number and lift coefficient for a given airfoil shape, it is useful to know the best possible combination that can be attained. We have found that there is a band of attainable shock free solutions between a lift coefficient of 1.0 at Mach 0.72 and a lift coefficient of 0.3 at Mach 0.83. Also, we are able to shift the curve of attainable solutions outward by making the airfoil thinner and by adding a trailing edge wedge. Once a shock-free solution is found, the von Kármán transonic similarity rule can be used to determine shock-free solutions by changing airfoil thickness. In addition, the off-design performance of the shape optimized shock-free airfoils is examined, and the inviscid results are verified by using a viscous flow solver coupled with the adjoint method for shape optimization.
I. Introduction
I n the late 1960s and early 1970s there was considerable work done on shock-free transonic airfoil design. Morawetz determined in the late 1950s that shock-free solutions are isolated points, and a small perturbation from the point would result in a shock.
1 Also, in the sixties Whitcomb developed his well known supercritical airfoils for transonic flow, 2 but the most successful method for creating shock-free airfoil shapes is the method of complex characteristics in the hodograph plane, developed under the leadership of Garabedian. 3, 4 Using hodograph methods, Boerstoel and Nieuwland published reports on transonic flows around quasi-elliptical airfoils sections in 1967. 5, 6 While these methods were successful in producing a variety of shock-free airfoils, the difficulty of recovering realizable physical shapes from the solution in the hodograph plane made them difficult and time consuming to use. Moreover, no boundaries were established for the lift coefficient and Mach number combinations achievable in shock-free transonic flow. This question has remained open to the present day.
The last decade has seen the development of effective shape optimization methods based on control theory. 7, 8, 9, 10, 11 These methods use the adjoint equation to derive the gradient of a cost function with respect to the shape, and then approach the optimum by a preconditioned descent procedure. When the drag coefficient is minimized at a fixed lift, the result is typically a shock-free solution, which corresponds to zero drag in inviscid flow. Optimum shapes can be found in minutes on a laptop computer.
The purpose of this paper is to exploit the speed and efficiency of adjoint based optimization methods to explore the attainable limits of shock-free design. For this purpose we use a variety existing airfoils as starting points for optimization, such as airfoils designed using the hodograph method, Whitcomb's supercritical airfoils, and other transonic airfoils. The results establish a boundary of the attainable lift coefficient versus Mach number for airfoils of a given thickness. The boundary can be shifted upward by reducing the thickness, and in some cases by adding a wedge at the trailing edge. When the design is pushed to too extreme a limit there is a risk that the performance may degrade very rapidly away from the design point. Therefore, we also examine the behavior of the optimized designs over a range of Mach numbers in order to establish performance boundaries attainable by "good" airfoils, which might be usable in practical designs.
II. MATHEMATICAL FORMULATION
In this work the equations of steady inviscid flow are
where w is the solution vector, and f i (w) is the inviscid flux vector along the x i axis, which are applied in a fixed computational domain, with coordinates ξ i , so that
where S ij are the coefficients of the Jacobian matrix of the transformation. Then geometry changes are represented by changes δS ij in the metric coefficients. Suppose one wishes to minimize the cost function of a boundary integral
where the integral of M(w, S) could be an aerodynamic cost function, e.g. drag coefficient, and the integral of N (w, S) could be a structural cost function, e.g. wing weight. Then one can augment the cost function through Lagrange multiplier ψ as
A shape variation δS causes a variation
The second term can be integrated by parts to give
Now, choosing ψ to satisfy the adjoint equation
with appropriate boundary conditions
where
the explicit dependence on δw is eliminated, allowing the cost variations to be expressed in terms of δS and the adjoint solution, and hence finally in terms of the change δF in a function F(ξ) defining the shape. Thus, one obtains
where G is the infinite dimensional gradient (Frechet derivative) at the cost of one flow and one adjoint solution. Then one can make an improvement by setting
In fact the gradient G is generally of a lower smoothness class than the shape F. Hence, it is important to restore the smoothness. This may be effected by passing to a weighted Sobolev inner product of the form
This is equivalent to replacing G byḠ, where in one dimension
and making a shape change δF = −λḠ.
In addition, in this work a comparison of viscous and inviscid shock-free profiles is made. The equations of steady viscous flow are
where w, and f i (w) are defined as above, and f vi (w) is the viscous flux vector. Contained in the viscous flux vector is viscous stress tensor, which for Newtonian fluids is
where u is velocity, µ is the coefficient of viscosity, and δ ij is the Kronecker delta function. The coefficient of viscosity is determined by the Sutherland equation:
where T is temperature and C 1 and C 2 are constants for a given gas. For air C 1 = 1.458x10 −6 kg/(m s K) and C 2 = 110.4 K. The viscous adjoint formulation follows the steps outlined above for inviscid flow.
III. PROCEDURE
Drag coefficient (C D ) is the cost function for shape optimization in this study. An existing transonic airfoil is used as the starting point for shape optimization at a particular lift coefficient (C L ), and Mach number (M) is varied until the best shock-free solution is found, if one exists. The procedure is repeated for multiple lift coefficients and airfoils forming a curve of attainable shock-free solutions for each airfoil.
IV. DETERMINING SHOCK-FREE PROFILES
The difference between a small shock wave and a steep pressure recovery can be negligible. Therefore, we take a moment to define our criteria for a shock-free solution. In many cases it is helpful to examine the Mach contours in addition to the pressure distribution to determine if a particular case is shock-free. A small shock wave consists of a nearly vertical segment in the pressure recovery region of the pressure distribution with Mach contours that coalesce. In contrast, a shock-free profile consists of a smooth pressure recovery with spread out Mach contours. In order to determine if an airfoil is shock-free the grid fineness must be reasonably small in order capture the shock wave. A 192x32 grid does not capture the shock (Figure 1a ), but a 384x64 grid does (Figure 1b) . Hence, the shock-free conditions were determined using a 384x64 grid, which is shown for the Korn airfoil in Figure 2 .
V. RESULTS

A. Grid
B. The effects of airfoil shape
Airfoil shape is the most important factor in producing shock-free profiles. A minute change in airfoil shape can cause an airfoil to become shock-free for a particular Mach number and lift coefficient. This is where the adjoint method for shape optimization comes in. Figures 3 and 4 show the difference a subtle shape change can make for the Korn and DLBA-243 airfoils respectively. Figure 5 shows the shape change necessary to make the Korn airfoil shock-free at Mach 0.77 and a lift coefficient of 0.6.
Various airfoils are optimized for each Mach number and lift coefficient combination giving a curve of the best possible shock-free solutions, which is shown in Figure 6 . There is band of feasible shock-free Mach numbers and lift coefficients between C L = 1.0 at Mach 0.72 and C L = 0.3 at Mach 0.83. The G78-06-10, W110, and G79-06-10 airfoils are the best starting airfoils for low lift coefficients and high Mach numbers. The DLBA-243 is the best for the middle to high C L range, and the G70-10-13 airfoil reaches the highest lift coefficients. Most of the airfoils have around a 10% thickness to chord ratio, but the G70-10-13 is is slightly thicker at 13%.
We have seen that the starting airfoil shape is very important. Moreover, if we start with an airfoil not designed for transonic flow, like the GAW airfoil, the appropriate shape changes cannot be made to get the airfoil to be shock-free at high Mach numbers. Thus, the GAW airfoil is well inside the band of attainable shock-free solutions ( Figure 6 ).
C. The effects of airfoil thickness
If the airfoil section is made thinner than the original airfoil, it is possible to push the attainable shockfree band outward. We define the thickness ratio (τ ) as the airfoil thickness divided by the original airfoil thickness. Figure 7 shows that by making τ = 0.9, the RAE 2822 airfoil is shock-free at a Mach number 0.01 higher than the original airfoil. As thickness ratio decreases the band continues to shift outward. When τ = 0.7, the airfoil is shock-free at Mach 0.03-0.04 higher than the original, but this trend does not continue indefinitely. If we decrease τ to 0.6, the airfoil is no longer shock-free for any Mach number in the range of interest (greater than Mach 0.70). Thus, the curve can be shifted outward by decreasing thickness, but there are limits to how thin the airfoil can be and still be shock-free for given C L .
D. The effects of a trailing edge wedge
The addition of a small wedge at the trailing edge can also shift the attainable shock-free curve outward. Figure 8 shows that the addition of a 2% trailing edge wedge (see Figure 9 ) to the Korn airfoil extends the curve to higher lift coefficients. The airfoil with the wedge has a lift coefficient 0.1 higher than the airfoil without a wedge for all Mach numbers. In addition, the maximum shock-free C L is 0.9 with the wedge compared to 0.7 without the wedge. Figure 10 shows that a trailing edge wedge also shifts the attainable shock-free curve upward for the RAE 2822 airfoil. The maximum C L for the RAE 2822 airfoil with a wedge is 0.8 compared to 0.7 for the standard airfoil. The only Mach number for which C L does not increase with the wedge is 0.79.
E. von Kármán transonic similarity rule
Once a shock-free solution is found, shock-free solutions at different Mach numbers can also be found, but lift coefficient and thickness must be scaled according to the von Kármán transonic similarity rule. The von Kármán transonic similarity rule, in a form to to Sprieter is
and
where t is the airfoil thickness and γ is the ratio of specific heats. Since we are using the similarity rule to compare similar airfoils in the same fluid, γ 1 = γ 2 , and the formulas can be simplified as follows.
(19) Figure 11 shows how C L and Mach number vary with thickness ratio according to the transonic similarity rule for an airfoil that is shock-free at C L = 0.6 and Mach 0.79. Using the transonic similarity rule we are able to obtain shock-free solutions along the C L versus M curve for various thicknesses shown in Figure 12a . Figure 12 also shows the pressure distributions and Mach contours for similar solutions along the transonic similarity curve from C L = 1.0 at Mach 0.7 in Figure 12b to C L = 0.19 at Mach 0.92 in Figure 12f for the J78-06-10 airfoil.
F. The off-design performance
When an airfoil is shape optimized for a particular C L and M combination, the performance at conditions other than the design point can be less satisfactory than the original airfoil performance. Figure 13 shows that the low speed behavior of the optimized Korn and RAE 2822 airfoils is worse than the original airfoils, but the airfoils have better performance at high speeds. Figure 13 is the C D versus Mach plot for both airfoils optimized at a lift coefficient of 0.6 and Mach 0.77. There is a dip in C D at the design point, and at Mach numbers below the design point there is an increase in drag. Pressure distributions are shown in Figure 14 for the design Mach number and Mach 0.1 above and below the design point. The optimized airfoil has a double shock at Mach 0.76 resulting in the increased drag (Figure 14a-b) . Figure 15 shows the original and optimized pressure distributions for the RAE 2822 airfoil at the same three Mach numbers as the Korn airfoil. Again there is a double shock on the optimized airfoil for Mach 0.76 that was not present on the original airfoil (Figure 15 a-b) . In addition, there is a shockwave on the lower surface of the optimized airfoil at Mach 0.78 (Figure 15 ), but the optimized airfoil still has a lower drag. Overall, the performance of the optimized airfoils on the outer limit of the shock-free band degrades rapidly away from the design point.
G. Viscous Verification
The preceding discussion was on results obtained using a 2-D inviscid flow solver coupled with the adjoint method for shape optimization. We now take a moment to verify the above results for the attainable shock-free solutions using a 2-D viscous flow solver coupled with the adjoint method for shape optimization. Figure 16 shows the comparison between attainable inviscid and viscous shock-free solutions. The overall band of shock-free solutions appears to be roughly the same for the viscous computations with only minor variations.
VI. CONCLUSION
These studies suggest that shock-free airfoils can be designed for a band extending from C L = 0.3 at Mach 0.83 to C L = 1.0 at Mach 0.72 with a thickness to chord ratio around 10%. However, airfoils on the limit defined by this band may exhibit severe degradation of performance away from the design point. The starting airfoil played a role in determining the attainable shock-free band. The G70-10-13 airfoil reached the highest lift coefficients; the DLBA-243 airfoil was best for the middle to high lift coefficients, and the G78-06-10, W110, and the G79-06-10 airfoils were the best shock-free starting airfoils for low lift coefficients. By examining the Korn and RAE 2822 airfoils, we showed that a trailing edge wedge may be introduced to shift this band upward with lift coefficients 0.2 greater than were possible with the standard airfoil. Making the airfoil thinner may also be able to shift the shock-free curve outward. We have shown that by making the RAE 2822 airfoil 70% of the original thickness shock-free solutions occurred at Mach numbers 0.04 greater than the original. In addition, we used the transonic similarity rule to find shock-free solutions at various Mach numbers corresponding to different lift coefficients and thickness ratios. Finally, by comparing inviscid and viscous shock-free solutions, we verified that the results for viscous flow are essentially similar. +  ++  ++  ++  ++  ++  ++  ++  ++  ++  ++  ++  ++  ++  ++  ++  ++  ++  ++  ++  ++  ++  ++  ++  ++ 
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